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In this paper we investigate exact solutions of a modified form of fifth-order Korteweg-de Vries-
like equations by using two direct methods. Thus we get new compacton solutions having infinite
wings or tails. In addition, new periodic and singular periodic wave solutions are obtained.
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1. Introduction

In the beginning of the 1990’s, Rosenau and Hy-
man [1] introduced the K(m,n) partia differential
equations (PDES)

U +aum),+(U")y =0,m>11<n<3 (1)

which are a generalization of the Korteweg-de Vries
(KdV) equation. For certain values of m and n, the
K(m, n) equationyields solitary waves. For m= nthese
solitary waves, take the particularly ssimple form

2nA n—-1 Z/n-1
u_{mcos[ﬁ(x—lt)]} ,
2 .

where |x— At| < n%nl’ and u=0 otherwise.

@

For a < 0 one obtains solitary patterns having cusps
or infinite slopes [2]. They discovered solitary waves,
called compactons, with a compact support character-
ized by the absence of infinite wings or the absence
of infinite tails. If a= 1, then (1) has a focusing (+)
branch that exhibits compacton solutions. If a= —1,
then (1) hasadefocusing (—) branch that exhibits soli-
tary pattern solutions. More studies of compacton and
solitary pattern solutions of the nonlinear dispersive
equations can befound in [1—13].

We consist the following modified nonlinear dis-
persive fifth-order KdV-like equations (shortly called
mfK(m,n,k, p) for (3)) in higher-dimensional spaces:

U™+ (U + DU+ (UPaoo = 0, (3)

U™+ a(U")x+ DU oo+ (UP) oo+ (U yyyyy = O,
(4)

U™ Lu + a(u")x + B(U) 00 + (UP) 0000
+(Uq)yyyyy+ (ur)ZZZZZ = 07

where a and b are real and m,n, p,q,k and r are inte-
gers. If we put the coefficient of thetermwith (uP),...
to zero, then we get the modified nonlinearly dispersive
mK (m, n, k) eguations. Compacton and solitary pattern
solutions of this equation wereinvestigated by Yan [3].

A compacton is a soliton solution which has a fi-
nite wavelength or is free of exponential wings. Unlike
the soliton, that narrows as the amplitudeincreases, the
width of the compacton is independent of its ampli-
tude. Compacton sol utions have been used in many sci-
entific applications such as the super deformed nuclei,
phonon, photon, the fission of liquid drops (nuclear
physics), pre-formation of clusters in hydrodynamic
models, inertial fusion as also indicated by Wazwaz
[5-7].

Many mathematical methods have been involved in
the compacton concept, such as the Backlund trans-
formation, the Painlevé analysis, the inverse scattering
method and the Darboux transformation. Compacton
solutions have al so been standards by many numerical
methods, for example the finite difference method [8],
the pseudo-spectra method [9] and the Adomian de-
composition method [10].

The purpose of this work is to obtain compacton
solutions of (3) easier than with the above methods,
which require more time and more calculations. In ad-
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dition, we obtain new compacton and solitary pattern Thus, with the aid of Mathematica, from (11) we
solutions of (4) and (5). easily have
The rest of this paper is organized as follows. In 4
Sect. 2 we give some compacton solutions and some p=n f=——
periodic and singular periodic wave solutions of (3). In p—m
the last Section some conclusions are drawn. pp-m_ _ A(p+m)(p—m) 1
3m2 — 29p2 — 16pm’ (12)
2. General Formulas of Compacton Solutions of a(p—m)? 1/4
Equation (3) R= (—7> ,
8p(5p+m)
We f|.rst make the travelling wave transformationas |\ e 3pB —240.
follows:
k=m, B= 4
u(xayat):U(§)7 5:)(_2":’ (6) T o p—n’
2 2 2
where A is aconstant. Then (3) reducesto pp-n — _/l (p—n)(29p~+ 16pn+3n-) (13)
32k4b2m? ’
du dum Uk dPuP
—AU™ I e b+ —— =0. (7 _J_ A p=n
€ e Pee e 00 Ry

Integrating (7) once and setting theintegration constant ~ where 11pp — 6p282 — 6 + 0.
to zero, we have

p—k B
_&Um-i-aUn—i-b(Uk)”—l—(Up)/m:O (8) k;m
m pkem _ A(k—m)“(3p—k+m) (14)
To seek compacton solutions of (3), we assume that (8) 2mbk(k+m)
has solutionsin the forms given in[11-13]. R— kK / b
TypeA: 3p—k+m’
where kB —1+#£0.
T
u(x,y,t):U(é): T (9) I’]Zk7 ﬁzk—, Pkfm: 7k,
0, IRE| > =. -m am(m-+k)
2 (15)
R i\k—m
TypeB: N \/; 2k ’
Psin® (RE),0<RE < 7, where kf —1#0.
uxyt) U (E) = { P RN OS R ST, ,
0, otherwise, k=n, B=
) p_ k’
where P Rand 3 are constants to be determined | ater. bk(3k — p)(p— k)
L . . pP—k_— _ (16)
Substituting (9) into (8), gives 2p(4p2+5kp+ 3k2)”
_ 2 pmegem o R= \/gp—_k
mP cos™ (RE) 4+ aP"cos™ (RE) b 2k
+bkB(kB — 1)REPK cos¥~2(RE) where kB — 140 and 11pB —6p2B2—60.
— bk2B2Pk cos? (RE) (11) ) Aken)
+ pB(11pB — 6p?B2 — 6)PPR* cosPP~4(RE) k=m, B=;—., Pk — ok
17

+ pB (p¥B3-6p?B>+14pP—R*PP cosPP2(RE) T ken
+pP(3pB — 2)pBPPR  cosPP (RE) = 0. “V bm 2
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where kB —1+#0.
1
m:n:k7 ﬁ:R7
- (18)
R=/ 2 kB-1=0
m=k=p, ﬁ=337
7pl i (19)
p— _—p_ _— p—
R=\-2omk 3PP—2=0
n=k=p, B 33
23 P (20)
R:\/EE, 3pB—2=0.
m=n=k=p, B 33
. P (21)
R= mab—, 3pB—2=0.

Thereforefrom (9) and (12) —(21), we have thefollow-
ing conclusions:

2.1. Compacton and Periodic Wave Solutions of
Equation (3)

TypeA: Substituting (9) into (8), we can obtain thefol-
lowing compacton and periodic wave solutions of (3):

Casel. When p = n# m Kk, then the exact solution of
themfK(m,n,k,n) equationsare

_ [ AGBp+m)(p—m)
3m? — 29p2 — 16pm

ap-—m? \ 1
| (asm) ©]f

2

(22)

" 8p(5p+m
a(p-m? \ /4
' (— o)™ ()] > m/2
When p=n < m,k, we get periodic wave solutions:

where l( alp_m) >>1/4(§)| < m/2 and u=0 for

B {_3mz—29p2—16pm
L A(Gp+m)(p—m)
1 (23)

a(p-—m? \"* 11"
Sec‘1[<_8|0(5|0+m>) Clp

361

~ 8p(5p+m)
2\ 1/4
e

Case ll. When m= k # n, p, the exact solution of the
mfK(m,n,m, p) equations are given by

G A2(p—n)(29p?+ 16pn+ 3n?)
- 32k4h2m?

-cos“[ —%%@)H -
where ‘\/—%%(é)‘ < /2 and u =0 for
\\/—%%@

[ Ak+n)
] 2akm

1/4
where ‘( a(p_m>2> / (5)' < m/2 and u=0 for

(24)

>m/2.
coSZ[ —bim%@” @

where '\/—ﬁn%(é)‘ < 7/2 and u = 0 for

A k—
‘ Vo (8)
Remark 1. We know that (25) isa soliton solution with
a compact support which is similar to the compacton
solution of the K(n, n) eguation by Wazwaz [5].
While, whenm=k < n, p, it is easy to see that (24)
and (25) become periodic wave solutions
B 32k*p?n?
A2(p—n)(29p?+ 16pn+ 3n?)
1 (26)

et [\/—bim%<é>”"_p7
where ‘\/—7%%(5)‘ < m/2 and u = 0 for
)

_J 2akm
"I\ k)

>m/2.

u=

>r/2,

kiin
seczl\/—%%(é)]} @)
,/_%%(5)‘ < m/2 and u = 0 for

W%%(é)

where

>r/2.
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Caselll. When p = k # m,n, the compacton solution
of the mfK(m,n,k, k) equationsis given by

[ A(k—m)?(3p—k+m)
“_{ 2mbk(k + m)

- R
. co [k, / m@)] } ,

where |k, /555 (&)

)k,/m(é)‘ > /2, while, when p=k < n,p, it
Is easy to see that (28) becomes the periodic wave so-
lution

B 2mbk(k+m)
- {l(k

(29)

< rm/2 and u = 0 for

—m)2(3p—k+m)

—— 1)%

where [k, /55-5(8)|

ky/zem (8)| = /2

Case IV. For n = k # m, p, the exact solution of the
mfK(m,n,n, p) equations are given by

(29)

< m/2 and u = 0 for

where |\/BSM(E) < r/2 and u = 0 for
V(@) > n/2
_{_ bk(3k—p)(p—K)
| 2p(4p?+5kp+ 3k2)
(31)

=t

-1a -5
=500

-1000
-1500
—-2000

-2500

Fig. 1. The surface shows the
singular periodic wave solution
of (27) fora=b=-1,n=
A=1m=3 and k=2, and
itsplotatt =0.

‘gn/z and u = 0 for

where ‘\/ngz;lf(é)
‘JE%(&)) > 1/2.
Remark 2. We know that (30) is a compact solu-
tion which equals the mK(m,n,k) equation (38) by
Yan [14].

Whilewhenn=k < m,p, it is easy to see that (30)
and (31) become periodic wave solutions

where | /BSM(E)| < /2 and u = 0 for
VB )| 2 /2
U {_2p(4p2+5kp+3k2)
bk(3k — p)(p— k)
1 (33)
ap—k k=p
|yl
where ‘\/ngz;lf(é)‘ < m/2 and u = 0 for

‘\/E % ( ) /2.
Remark 3. We know that (30) and (32) are soliton so-
lutions with compact support and periodic wave solu-
tions which are same the Egs. (18) and (19), respec-
tively, obtained in [4].

Case V. When m = n = k, the exact solution of the
mfK(m,m,m, p) equationsis given by

1k
u:P{cos[\/mn_]/l(x—lt)]} . (39
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Fig. 2. The surface shows the pe-
riodic wave solution of (32) for
a=b=A=1m=3and k=4,

where P is real or complex, ‘\/WTA(X—A'[)‘ <rm/2

\/”HT‘A(X—M)FE/Z.

Remark 4. For m = n = k, we know that (34) is a
compacton solution which is similar to Eq. (22) in [4],
whilewhenm=n=Kk < p, it is easy to see that (34)
becomes

“1/k
u= P{sec l\/ man:’l(x—)a)] } . (%)

which is the singular periodic wave solution of (3)
that is not a soliton solution with a compact sup-

,/”HT‘A(X—M)‘ < m/2andu=0for
l\/@(x—m)‘wr/z.

Case VI. We can obtain when m = k = p, the exact
solution of the mfK(m,n,m m) equationsis given by

1/3p
u:P{cos2 [\/—%%(X—lt)]} . (36)

\/_%%(X—M)' < /2 and u= 0 for

’\/ _%ﬂ)%(x—lt)’ > /2, whilewhenm=k=p<n,
It is easy to see that (36) becomes

3ipl s
‘/_Wni(x_kt)]} , (37)

which is the singular periodic wave solution of (3),

V-Ztx—an)
',/_%g%(x_m)'>n/2

andu=0for

port [1], where

where

u:P{sec2

where

< m/2 and u = 0 for

3 = anditsplotatt =0.

Case VII. When n = k= p # m, the exact solution of
the mfK(m,n,n,n) equationsis given by

u= P{Cos:2 [\/%%(X—M)] }1/3137 (38)

where ‘fg%(x—m‘ < 7/2 ad u=0 for

‘\/’g%(x—lt)‘ > /2, whilewhenn=k=p<m,it
IS easy to see that (38) becomes

u= P{sec2 [\/ég(x—m)} }_1/3p, (39)

which is the singular periodic wave solution
of (3), where ‘\/’g%(x—m‘ <m/2and u=0

for ‘\/’g%(x—m‘ > /2.

Case VIII. When m= n =k = p, the exact solution of
the mfK (m,m,m,m) equationsis given by

——) 1/3p
u=P{ cos? o (X—At) . (40)

,/”g—nf(x—At)‘ < m/2 and u = 0 for
‘./“g—nf(x_m)‘m/z.

Remark 5. For m=n =k, we know that (40) isacom-
pacton solution which equal to Eq. (22) obtainedin [4],
whilewhenn=k=p < m,itis easy to see that (40)
becomes

ma— A e
u=P< sec? - (x—At) . (41)

where
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which is the singular periodic wave solution of (3),

,/mb—rj(x—)a)‘ < /2 and u = 0 for
'./mb—rj(x_u)‘zn/z.

Type B: Similar to Case |, substituting (10) into (8),
we can obtain other compacton and periodic wave so-
lutions of (3).

where

Casel. When p = n# m Kk, then the exact solution of
the mfK(m,n,k,n) equations are given by

_ [ AGp+m)(p—m)
3?2 — 29p2 — 16pm

sin® (—Lp_m)z )1/4(5) B
8p(5p+m) ’
_m2 \ /4
where 0 < (—%) (x—At) < and u=0,
otherwise. When p = n < m k, we get periodic wave
solutions

_ {_3mZ—29p2— 16pm
L A(Bp+m)(p—m)

(42)

ap-m2\ Y 1\
CSCAK‘sp<sp+m>> Sl

1/4
e m ) x it < madu=0

43)

where 0 < (
otherwise.

Casell. When m= k # n, p, the exact solution of the
mfK(m,n,m, p) equationsis given by

Gl A2(p—n)(29p2+ 16pn -+ 3n?)
- 32k4h2m?

.s-n‘*[ —%%@]} B

(44)

Fig. 3. The surface shows the
compacton solution of (45) for
n=A=1m=3 a=b=-1
andk=2,anditsplotatt =0.

_%%(5) < m and u=0, otherwise.

[

where 0 < /— A KN(E) < 7 and u = 0, otherwise,
while when m=k < n,p, it is easy to see that (44)
and (45) become another periodic wave solutions

A k—n wr
_anT(é)]} , (45)

B 32k*?n?
U= {_ 22(p—n)(29p? + 16pn+ 3n?)
- als (46)
4 p—n
- CC [ —mw(é)]} )

where 0 < '\/—ﬁn%(é)‘ < mandu= 0, otherwise.

2akm A k—n =
u:{mcscz[\/—b—mw(é)]} , (47)

A k—n

where 0 < \/ — &5 (§) < wand u= 0, otherwise.

Caselll. When p = k # m, n, the exact solution of the
mfK(m,n,k k) equationsis given by

[ A(k—m)?(3p—k+m)
“_{ 2mbk(k + m)

5 R
2 (1 |
-Sin lk m(&)]} .

where 0 < K,/ 352-=(&) < m and u = 0, otherwise,
while when p=k < n,p, it is easy to see that (48)

(48)
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Fig. 4. The surface shows the compacton solution of (50) fora=b=m=A =1andk=4, anditsplotatt =0.

becomes a periodic wave solution

B 2mbk(k+ m)
“‘{Aw—mﬁwp—k+m>

. 1/(k-m)  (49)
- csc? [k\/m(é)]} ,

where 0 < ky/555-(&) < w and u= 0, otherwise.

Case V. When n = k £ m, p, the exact solution of the
mfK(m,n,n, p) equationsis given by

glom(E) < mandu =0, otherwise.

where 0 <

ue {__PKEK=P)(P—K)
2p(4p?+ 5kp+ 3k?)

-sﬁ[VE%iﬁéﬂ}#ﬁ

where0 < /T2 (&) < and u= 0, otherwise, while
whenn=k < m,p, it is easy to see that (50) and (51)
becomes periodic wave solutions

| 5]

(51)

_ [ma(k+m)
-

where 0 <

u={-

gk (E) < and u =0, otherwise,

2p(4p? 4 5kp -+ 3k?)
bk(3k — p)(p—k)

cxﬂvégiﬁéﬂ}Mkm,

where 0 < \/Epz—’kk(é) < mandu= 0, otherwise.

(53)

Remark 6. We know that (50) and (52) are soliton so-
lutions with compact support and periodic wave solu-
tionswhich are equal to the Egs. (24) and (25) obtained
in[4].

Case V. When m = n = k; the exact solution of the
mfK(m,m,m, p) equationsis given by

1/k
u= P{sin l\/maT_’l(x—M)] } (59

where0 < /M2 (x — At) < w and u = 0, otherwise.

Whilewhenm=n=Kk < p, itiseasy to seethat (54)
becomes

ol

whichisanother singular periodic wave solution of (3),
\/ ™2 (x— At) < 7 and u= 0, otherwise.

ma—A i
T(x—lt)]} , (55)

where 0 <
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Case VI. When m = k = p, the exact solution of the
mfK(m,n,m,m) egquationsis

. 5 3Apl v
u=PJ{sin —%E(X—lt) , (56)

where0< y/— 3421 (x_ At) < r andu= 0, otherwise,

m
whilewhen m=k = p < n, it is easy to see that (56)
becomes

-1/3p
[ 3Apl

whichisanother singular periodic wave solution of (3),
where0 < \/— 3L (x—At) < w and u= 0, otherwise.

Case VII. When n = k = p # m, the another compact
solution of the mfK(m,n,n,n) equation is given by

u:P{sinZ [\/gg(x_,u)”mp, (58)

where 0 < \/’g%(x—m < m and u = 0, otherwise,
whilewhen n=k = p < m, it is easy to see that (58)
becomes

u= P{cscz N%%(x—u)] }1/3;)7 (59)

whichisanother singular periodic wave solution of (3),
where0 < /E3R(x— At) < m and u= 0, otherwise.

CaseVIIl. When m=n= k= p, the exact solution of
the mfK(m,m,m,m) equationsis given by

.o fma—A /3P
u=PJ{sin b (x—At) , (60)

mb—#(X—M) < mand u= 0, otherwise.

where 0 <

M. Inc - Solutions of the Modified Form of Fifth-order Korteweg-De Vries-like Equations

Remark 7. For m= n =k, we know that (60) isacom-
pacton solution which is similar to Eq. (28) obtained
in [4], whilewhen n=k = p < m,itiseasy to see
that (60) becomes

ma— A I
u=P< csc? b—m(x—xt) , (61)

whichisanother singular periodic wave solution of (3),
that is not asoliton solution with acompact support [1],

ma_ (x _ At) < = and u= 0, otherwise.

where 0 </ Tp

3. Conclusions

In this paper, we obtained a rich variety of com-
pacton solutions of the mfK(m,n,k, p) equations. We
also give some periodic wave and singular periodic
wave solutions of this equation. The basic goals of this
study have been to extend the work of Wazwaz [5] on
variants of the fK(n,n), fK(n,n,n) and fK(n,n,n,n)
equations. Two types of problems, the focusing branch
and the defocusing branch were studied by Wazwaz.
He has established two distinct general sets of formu-
las, the first has the exponent 1/n and the second has
the exponent 2/n. Our solutions aso include the so-
lutions obtained by Yan [4] and Wazwaz [5]. In this
work, we found more compacton and periodic wave
solutions of the mfK(m,n,k, p) equations, and many
new solutions not found before.

The present method is direct and efficient to obtain
new compacton and periodic wave solutions of (3).
Our method can very easily be applied to this type
modified nonlinear dispersive and nonlinear dispersive
equations in higher-dimensional spaces. The method
has the important advantage that the equations are han-
dled directly with aminimum of calculations.
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